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1 SYMBOLS AND ABBREVIATIONS

TRSTRSTRSTransmitted Radiance Sinusoid
DOLPDOLPDOLP Degree of Linear Polarization
� d� d� d Di�use albedo
f r (� ; � ; ~! i ; ~! o )f r (� ; � ; ~! i ; ~! o )f r (� ; � ; ~! i ; ~! o ) Specular BRDF
~n~n~n Surface normal
Li (~! i )Li (~! i )Li (~! i ) Incoming radiance
� B� B� B Brewster angle
EkEkEk Unit vector parallel to the plane of
incidence
E?E?E? Unit vector perpendicular to the
plane of incidence
RkRkRk Re�ectance of p-polarized light
R?R?R? Re�ectance of s-polarized light
��� Phase retardation between the or-
thogonally projected images of the elec-
tric vector
ImaxImaxImax Maximum intensity of the Trans-
mitted Radiance Sinusoid (TRS)

IminIminImin Minimum intensity of the Trans-
mitted Radiance Sinusoid (TRS)
��� Angular phase of the TRS
� o� o� o Angle of rotation of the polariser
with respect to camera coordinates
xi ;o;r e fxi ;o;r e fxi ;o;r e f Subscript indicates input (i),
output (o) or re�ection (ref), wherex
can be any symbol listed thereafter
PPP Degree of Linear Polarization
(DOLP)
   Angle of polarization expressed in
local coordinates
��� Ellipticity angle expressed in local
coordinates
~!~!~! Unit direction in spherical coordi-
nates (~! = (� ; � ))
sss Stokes vector (s = [s0 s1 s2 s3]T )

2 BACKGROUND - POLARIZATION

2.1 Stokes parameters and Mueller Calculus
The polarization state of light can be formalized by Stokes param-
eters, expressed as a 4-vectors = [s0;s1;s2;s3]T , wheres0 is the
power of the incident beam,s1 ands2 respectively the power of 0�

and+45� linear polarization ands3 the power of right circular po-
larization. Each of these components are related in the general case
to light intensity (L(~! )), degree of polarization (P) and polarization
ellipse (Figure 1).

Upon re�ection o� a surface, the incident polarization state of
light is altered according to Mueller calculus [Collett 2005]:

sref = Mrot (� )Mref (� i ; � ;~n)Mrot ( i )si (1)
Here,Mrot ( i ) rotates the incident Stokes vectorsi into a canon-

ical frame of reference (plane of incidence), andMrot (� ) rotates the
re�ected light into the camera's reference frame.Mref (� i ; � ;~n) is
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Fig. 1. Polarization ellipse: is the orientation angle of the ellipse and
corresponds to the angle of polarization of the beam.� is the ellipticity
angle which accounts for how elliptically polarized the beam is. The vectors
~x and ~y form an orthonormal basis in the plane orthogonal to the direction
of propagation.

the concatenation of the Mueller matrices of a linear diattenuator,
also referred to as Mueller re�ection matrix, and a linear retarder of
phase� :

Mref =
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(2)

R? and Rk in Equation (2) represent the relative amounts of
re�ected s-polarized (resp. p-polarized) light as predicted by Fresnel
equations.� is the relative phase between the s- and p-polarized
components. For dielectric materials,� = 180� for any angle of
incidence before the Brewster angle� B (where index of refraction
� = tan� B), and� = 0� beyond the Brewster angle.

The Mueller matrix of rotationMrot is de�ned as:

Mrot (� ) =

2666666664

1 0 0 0
0 cos 2� � sin 2� 0
0 sin 2� cos 2� 0
0 0 0 1

3777777775

(3)

We also de�ne the Mueller matrix for a linear polarizer rotated at
an angle� o with respect to the observation's coordinate system as:

Mo(� o) =
1

2

2666666664

1 cos 2� o sin 2� o 0
cos 2� o cos2 2� o cos 2� o sin 2� o 0
sin 2� o cos 2� o sin 2� o sin2 2� o 0

0 0 0 0

3777777775
(4)

Light in outdoor environments due to the sky is either unpolarized
(on a cloudy day) or partially linearly polarized in the general case.
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Hence for such illumination, we only need to measure the �rst
three components of the Stokes vector. This can be done by rotating
a linear polarizer in front of a camera at three or more di�erent
orientations. Of particular interest to us in this work is analyzing
the intensity of light re�ected o� regular planar surfaces as seen
through a linear polarizer, which can be expressed with Mueller
calculus as:so(� o) = Mo(� o)sref . Orienting a linear polarizer at 0� ,
45� and 90� then allows us to compute the �rst three elements of
the re�ected Stokes vector:

sref ;0 = so;0(0� ) + so;0(90� )

sref ;1 = so;0(0� ) � so;0(90� )

sref ;2 = 2 � so;0(45� ) � sref ;0

(5)

Note that Equation (1) holds for pure specular re�ection only.
Most real world materials also exhibit di�use and rough specular
re�ection. We can account for rough specular re�ections by mod-
eling the surface with a microfacet BRDF where each microfacet
behaves as per Equation (1). The resulting Stokes vector can then
be computed as:

so(~! o) =
Z



*
,

� d� d� d

�
+ fr (��� ;��� ; ~! i ; ~! o)sref (~! i )+

-
Li (~! i )(~n~n~n � ~! i )d~! i

(6)
Equation (6) is our complete image formation model, where we

model fr (��� ;��� ; ~! i ; ~! o) as a Cook-Torrance microfacet BRDF [1982]
with a GGX distribution [Walter et al. 2007]. The specular BRDF
fr (��� ;��� ; ~! i ; ~! o) forms a narrow lobe around the re�ection vector,
within which the incident polarization can be assumed constant, as
the polarization �eld typically varies smoothly over the sky [Kön-
nen 1985]. Our goal is to recover the four parameters of di�use
albedo (� d� d� d ), index of refraction (��� ), surface normal (~n~n~n) and specular
roughness (��� ) from observations ofso(~! o) under natural outdoors
illumination.

3 TRANSMITTED RADIANCE SINUSOID
A known method for shape from polarization (unpolarized illumina-
tion assumption) is to consider the intensity pro�le of re�ected light
passing through a linear polarizer, which has the form of a phase-
shifted sinusoid (Figure 3) of phase� , with minimum and maximum
amplitudes denoted asImin andImax respectively (consider for now
that there is no di�use component):

I (� o) =
Imax + Imin

2
+

Imax � Imin

2
cos(2(� o � � ))

whereImax = Li (~! i )
R?

2

Imin = Li (~! i )
Rk

2

(7)

Equation (7) can be derived from Mueller calculus by considering
the intensity of re�ected light observed through a linear polarizer
rotated at an angle� o. Mathematically, this is expressed as the dot
product of the �rst row of Equation (4) withsref , wheresref =

Li (~! i )
"
R? + Rk

2
;
R? � Rk

2
cos 2� ;

R? � R?

2
sin 2� ;0

#T
for unpolar-

ized incident illumination.

Fig. 3. The intensity profile through a linear polarizer has the form of a
phase-shi�ed sinusoid of phase� , which can be measured with only three
measurements (red lines) at0; 45; and90� .

The phase� and theImin andImax amplitudes of the TRS can
then be recovered with just three measurements, e.g., with the po-
larizer at 0� ;45� and 90� orientations. Previous work [Huynh et al.
2010; Kadambi et al. 2015; Miyazaki et al. 2012] has shown the phase
to be directly related to the azimuth� ~n of the surface normal as
� ~n = � + � =2. We found however that this holds true in princi-
ple only when the incident illumination has no linear polarization
component. Under partial linear polarization, the expression for the
re�ected Stokes vector is more complex:

sref = Mrot (� )Mref (� i ; � ;~n)si

= Li (~! i )

26666666666666664

R? + Rk

2
+ Pi

R? � Rk

2
cos 2 i

R? � Rk

2
cos 2� + Pi � A

R? � Rk

2
sin 2� + Pi � B

�P i
p

R? Rk sin 2 i sin�

37777777777777775
where
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R? + Rk

2
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q
R? Rk sin 2�sin 2 i cos�

B =
R? + Rk

2
sin 2� cos 2 i +

q
R? Rk cos 2�sin 2 i cos�

(8)

The corresponding expression for the TRS under partial linear
polarization is then:

I (� o) =
I? + I k

2
+

I? � I k

2
cos(2(� o � � ))

� Li (~! i )
Pi

p
RkR? cos� sin 2 i

2
sin (2(� o � � ));

(9)

where we de�neI? = Li (~! i )
(1+ Pi cos 2 i )R?

2
, and

I k = Li (~! i )
(1 � P i cos 2 i )Rk

2
.

It is interesting to note that the above expression is somewhat
similar to Equation (7) modulo the extra sinusoid term1. From Equa-
tion (9), we derive three special cases to connect the expression of
the TRS under partial linear polarization back to the well-known
expression under unpolarized incident illumination (Equation (7)):

1Note that we de�nedI? and Ik instead ofImax and Imin asIk could be greater than
I? depending on the sign ofcos 2 i .
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Fig. 2. Rendering of acquired samples (primary setup) in Eucalyptus Grove.

(1) At the Brewster angle, dielectrics completely transmit the
component of light parallel to the plane of incidence, i.e.
Rk = 0. The extra sinusoid term thus vanishes and we
obtain measurements at the Brewster angle that behave as
if the incident illumination were unpolarized.

(2) Under horizontal or vertical polarization, i.e. i = 0� (resp.
90� ), sin 2 i = 0 also simplifying Equation (9) back to an
expression of the same form as that assuming unpolarized
illumination.

In these particular cases, the expression for the TRS is then, adding
back the di�use component (Id ):

I (� o) =
Id
2

+
I? + I k

2
+

I? � I k

2
cos(2(� o � � ))

whereI? = Li (~! i )
(1+ Pi cos 2 i )R?

2

I k = Li (~! i )
(1 � P i cos 2 i )Rk

2

(10)

While mathematically it is possible forI k to be greater thanI? in
Equation (10), it does not happen in practice with our near-Brewster
measurements and hence does not adversely a�ect the phase (� )
computation. An example of this is vertically polarized light (max
80% DOP) at the Brewster angle (during sunrise or sunset). While
there is no incident horizontal polarization signal and hence no
perpendicular polarization on re�ection, the strong vertical incident
polarization is in-plane and does not re�ect due to Fresnel e�ects.
Now the only re�ection that happens is due to the 20% unpolar-
ized component of incident light which again results in only its
perpendicular component re�ecting with its parallel component
transmitting.

4 PLANAR, DIELECTRIC ASSUMPTION
While our analysis makes the assumption of dielectric material, we
show our method to work quite well in practice on dielectric-metal
composite surfaces such as the cast-iron drain cover. The globally
planar surface assumption is consistent with many recent SVBRDF
capture methods e.g., [Aittala et al. 2016, 2013, 2015]. However, we
demonstrate good qualitative results with signi�cant surface normal
variation in many of our measured samples, with low quantitative
error compared to controlled measurements demonstrated for the
red-book sample.

5 INDEX OF REFRACTION ESTIMATION
Given that the chart casing is made of plastic with a known index of
refraction� char t = 1:46. We then compute the scale factor between
the plastic casing's measured di�use subtracted maximum intensity
and the pre-computedR?;real . For lack of measurement device
capable of accurately measuring the index of refraction of the colour
chart's casing in our laboratory, we borrow the value of� char t from
online sources [Pixel and Poly 2017]. This is in line with prior work
on skin re�ectance [Donner and Jensen 2006; Ghosh et al. 2008] and
Shape From Polarisation [Atkinson and Hancock 2006; Kadambi
et al. 2015] which have shown the index of refraction to have a very
marginal impact on re�ection from dielectrics.

For further validation of index of refraction estimation, we com-
pared our estimates for the canvas print surface to known values of
various types of inks [Peiponen et al. 2008], which are as follows:
black 1.65 (ref. 1.6), blue & yellow 1.49 (ref. 1.53 � 1.54).

6 SUPPLEMENTAL RESULTS
Figure 2 presents additional renderings of samples acquired with
our primary setup in the Eucalyptus Grove environment. Figure 4
presents renderings of samples acquired with our mobile setup in
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Fig. 4. Samples acquired with mobile setup rendered in Eucalyptus Grove.

Eucalyptus Grove. Figure 5 presents photograph-rendering compar-
isons under novel viewpoint and lighting conditions for some of the
acquired samples. Here, the viewpoint and illumination data was not
part of our capture set for re�ectometry. Finally, Figure 6 presents
a qualitative comparison of the re�ectance and normal maps of
the sketch book acquired using our mobile acquisition procedure
against reference measurements with LCD illumination according
to [Ghosh et al. 2009].

(a) Photograph (b) Rendering

Fig. 5. Comparison of renderings with photographs for a few of the acquired
samples under a combination of a novel viewpoint and incident illumination.
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